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Abstract. It is proven that the general Kirchhoff case of the Kirchhoff 
equations for i? 7^ is not algebraic complete integrable system. Sim- 
ilar analytic behavior of the general solution of the Chaplygin case is 
detected. Four-dimensional analogues of the Kirchhoff and the Chaply- 
gin cases are defined on e(4) with the standard Lie-Poisson bracket. 



1. Introduction 

Starting from the fact that both in the Euler and the Lagrange cases 
of motion of a heavy rigid body fixed at a point, the general solutions are 
meromorphic as functions of complex time, Sofia Kowalevski in [llj had 
proposed a problem of finding all cases of such rigid-body motion that have 
general solutions with the same analytic properties. Kowalevski had dis- 
covered that there was only one extra case, with such dynamics, what is 
nowadays called the Kowalevski case. Moreover, Kowalevski had found an 
additional polynomial first integral (of fourth degree) and she solved the 
system in terms of genus two theta- functions. In mid 1970's Kozlov proved 
(see[12]) a nonexistence of fourth analytical first integral in heavy rigid-body 
dynamics, except in the three cases mentioned above. Thus, it appears that 
in the case of motion of a heavy rigid body fixed at a point, a fourth first 
integral exists exactly in cases when the general solutions are meromorphic 
functions of complex time. 

Further development of such analytic theory of differential equations was 
associated with Painleve. 

A modern theory of so-called algebraic complete integrable systems has 
been performed by many authors, and the most fundamental results and 
precise definitions can be found in the book \T\ (see also [T]). 

It has generally been assumed among the experts as a strong believe that 
the same parallelism between complete integrability and meromorphicity of 
general solutions exists also in a similar case of motion of a rigid body in 
an ideal incompressible fluid which rest in infinity, described by so-called 
Kirchhoff equations. The known integrable cases are those of Kirchhoff, the 
Clebsch case, the Steklov-Lyapunov case, the Sokolov case. For the full list 
of known integrable cases see for example [3] . 
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The main result of the present paper is the proof that the general Kirch- 
hoff case, for B ^ (see below for notations) is not algebraic complete 
integrable. Its general solution is not a meromorphic function of complex 
time. Thus, there are classical, very well-known cases of integrable dynamics 
of Kirchhoff equations which are not algebraic integrable and which do not 
pass the so-called Kowalevski-Painleve test. In the proof we use the method 
of small parameter, and historically it goes back to Poincare. 

We also study the Chaplygin case, which is classically known perturbation 
of the Kirchhoff case and known to be non-integrable (see [13] ) . By the same 
method of the small parameter we detect similar behavior of the general 
solution of the Chaplygin case as in the general Kirchhoff case. 

Finally, we study four-dimensional generalizations and we define appro- 
priate analogues of the Kirchhoff and of the Chaplygin case. 

2. Three-dimensional Kirchhoff equations 

The motion of a rigid body in an ideal incompressible fluid which rest in 
infinity is described by the Kirchhoff equations |10^ [HI [3]: 

dH dH dH 

M = M X \-p X ——, p = p X - — 

^-^^ dM^ dp' ^ ^ dM 

H = ^{AM,M) + {BM,p) + ^{Cp,p) 

Here M and p are the impulsive moment and the impulsive force. The 
matrices B and C are symmetric, ^ is a symmetric positive-definite matrix, 
and they refiect the geometry and the mass distribution of the body. The 
equations ([T]) are Hamiltonian on Lie algebra e(3) with the standard Poisson 
structure 

{Mi,Mj} = -eijkMk, {Mi,pj} = -eijkPk 

The Casimir functions are F2 = {M,p), = {p,p). Thus, for complete 
integrability in the Liouville sense, apart from the Hamiltonian Fi = H, one 
needs one additional first integral. The Kirchhoff case (1870) is defined by 
the conditions (see [TO]): 

A = diag{ai, oi, 03), B = diag{bi, bi, 63) C = diag{ci,ci, C3). 

An additional first integral is F4 = M3. Thus, the Kirchhoff case is in a 
sense, analogous to the Lagrange case of motion of a heavy rigid body fixed 
at a point. 

3. Algebraic integrability of Kirchhoff case 

When B = 0, the Kirchhoff case can be seen as a special case of the 
Clebsch integrable case defined by + a^ia _|_ SiziSa. = g. A Lax rep- 

resentation and a higher-dimensional generalization of the Clebsch case are 
given by Perelomov (see [IS]). It is known that the Clebsch case is algebraic 
complete integrable system (see for example [15]). 
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Let us pass to the case when B ^ 0. The Kowalevski-Painleve test gives 
necessary conditions for an n-dimensional system to be algebraic completely 
integrable: the system has to posses Laurent solutions depending of n — 1 
parameters. The vector field in the Kirchhoff equations is homogeneous 
quadratic in Mi,pi. One can expect solutions which admit poles of the first 

(1) p(°) (1) 

order: Mj = — | h M- + pi = — \- + .... By plugging it into 

equations ([I]) one gets for M^^^ and pf*^ : 



-M- 
-M. 



(2) 



-M. 



(0) 

1 

(0) 
2 

(0) 



(0) 
-Pl 

(0) 
-P2 

(0) 
-P3 



Cl)P2^pf^ 

\ (0) (0) 
C3)Pi P3 



bi)pf^pf^ 
(0)^(0) 



aiM^Pr + (bi - b3)prP3 



From the first integrals one can conclude that M^^^p^^^ +M2^''p^2 ^ +M!f ''p^^^ = 
0, but from Q one has: m[°'^ pf^ + M^°'^ p^ + M^°^ p^ = {b3-bi)pP^. Con- 
sequently, we have that 63 = 61 or p^^^ = 0. In the first case one has that the 
mixed part {BM,p) in the Hamiltonian is a Casimir function. Thus, this 
part can be dropped from the Hamiltonian and we come to the case B = 0. 
If p'f^ = 0, equations ^ have only a trivial solution. Thus, they do not 
admit a Laurent solution with poles of the first order. 
Thus, we have the following 



Lemma 1. a) In the case B = the Kirchhoff case as a special case of the 
Clehsch case is algebraic complete integrable system. 

b) In the case B ^ the Kirchhoff case does not pass the Kowalevski- 
Painleve test. 



Thus, a natural question arises: 

In the general case B ^ is the Kirchhoff case algebraic complete inte- 
grable system? 

In order to answer the question, we are going to apply the method of 
small parameter, following some ideas of Lyapunov (for the details and very 
interesting history of the subject, see [9]). 
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Let us choose 63 — 61 = e as our small parameter. Then, the equations of 
motion in the Kirchhoff case can be rewritten: 



(3) 



Ml 


= (as - ai] 


IM2M3 + e{M2P3 + M3P2) + (C3 


- Cl)p2P3 


M2 


= (ai - as] 


IM2M3 - e{Mip3 + M3P1) + (ci 


- Cz)piP3 


M3 


= 






Pi 


= a3M3P2 - 


- aiM2P3 + ep2P3 




P2 


= aiMips - 


- a^M^pi - epips 




P3 


= ai{PiM2 


-P2M1) 





The unperturbed system, defined by e = 0, has a particular solution Mj 



t 



-, Pi = where: 



(4) M^='^, M0 = ^, M^,=0, 

O-i CLi 



Y'ai(c3-ci) Vai{c3-ci) V«i(c3-ci) 

and a, /3 are constants that satisfy + = 1. The expressions ([5]) 

are the first terms in the Laurent series for a solution Mj = + eM^ + 

Pi = + epl + ... of the equations ([3]). For the second terms one gets the 
following system: 

M\ = 03 - ai)-^ + — 1^ + C3 - ci + C3 - ci 

t t"^ t t 

M\ = (ai - 03)^-^ - + (ci - c-iY-^ + (ci - C3)^^^3 



t V ' ' t ^ ' t 



Ml = 



(6) MgipO MOpi MIpI pIpI 

Pi=a3^-a^^-a,—^ + ^ 



^1 



= -^3 — h ai — h ai 



^1 



p\Ml p\M^ pImI pIm9 



Do = ai( h 

^ t t t t ' 

First we will find the solutions of the homogeneous system 
(7) 

Ml = (C3 - ci)i^ + (C3 - ci)^^, p1 = -ai^^ - ai^^ 

= (ci - C3)i^ + (ci - C3)^, = ai^^ + 

,V1 ^ -1 .P?^2 Pi ^2 P2^/ 
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of the form: = t'M, = t'N, pi = P, p2 = t'Q,p3 = t'R. One 
gets 

sM = (C3 - ciMr + pIn), sN = (ci - C3MR + p'iP) 

(8) sP = -aiM^R - aip^N, sQ = aiM^R + aip^M 

sR = aip\N + aiM^P - aip^M - aiM^Q. 

This is a homogeneous system of hnear equations and it has nontrivial so- 
lutions only when the determinant of the system is zero: 

(s-l)3(s + l)(s + 2) = 

By solving the system ([8j) for s = 1, s = — 1, and s = — 2 one gets the general 
solution of system 

,^1 iaa ^ a(3 ■ , \ i ^/^ , ct 

= — 2-1^5 —^4: + a[k2 - iak3)t p^ = — fcs + -jk^ + kit 

(9) Mi = ^k5 + —kA + a{-ki-t(3k3)t pI = ^k5 + jk4 + k2t 

P3 = ^ + kst, 



' (C3-Cl) 
ai 

method of variation of constants. We have: 



where a = -y/ ^ ^' . We will find the solution of ([6]) by using the standard 



-/C5 - —k'^ + a(A;2 - ^aAjg)* = (as - ai)^ — ^ + 



—^k'r^ + —k'4^ + a{-k[ - i0k'3)t = {ai - asj ^ 

il3 , a , , _ M^p^2 P2P3 

+ + = -03- ^"^^ "^^"^^ 



^2 -a ' ^-4 > -2^ ^ ^2 



k', 

and one gets 

, , , iaM^ 1 , , , , i/3M^ 1 , , , ^ , 
= — ^- + /ci, A;2(i) = ^77^7 + ^2, h{t) = k^ 
2a t 2a t 

k,{t) = =^p=^t - ^^ln{t) + k„ k,{t) = k,. 

y/ai(c3-Ci) ai(C3-Ci) 

Thus, A:4(i) is not a uniform function of complex time and we get proved the 
following theorem: 

Theorem 1. When B ^ 0, the Kirchhoff case of the Kirchhoff equations is 
not algebraic integrable system. 
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4. Three-dimensional Chaplygin case 

In 1897 Chaplygin (see [^) defined which instead of a first integral 

had an invariant relation. This system has also been considered in [13] where 
nonintegrability of the system has been proven. The Chaplygin system is 
defined for A = diag{ai,a2-,az) by: 

&i3\/a2 - ai T (^2 - &i)\/«3 - 0-2 = 0, 612 = 
^^^^ &i3\/a3 - 02 ± (63 - 62)\/«2 - ai = 0, 623 = 



Ci3\/a2 - oi =F (c2 - ci)Va3 - 02 = 0, C12 = 
ci3Va3 - 02 ± (c3 - C2)\/a2 - ai = 0, C23 = 



The invariant relation is: -F4 = Mi -^02 — ai =F -^3V^3 ~ ^2 = 0. 

Conditions (fTO]l may be seen as certain analogous of the Hess-Appel'rot 
conditions in the case of motion of a heavy rigid body fixed at a point. 
A geometric interpretation of Hess-Appel'rot conditions has been given by 
Zhukovski. Using it, one can see the Hess-Appel'rot perturbation of 

the Lagrange top. Detailed analysis of this system as well as higher dimen- 
sional generalizations, the Lax representation and bi-Hamiltonian properties 
are given in [5l [7]. The class of systems of Hess-Appel'rot type is defined 
there also. Starting form the basic properties of this class od systems a new 
set of examples are constructed in [8]. 

Similarly, the Chaplygin case is a perturbation of the Kirchhoff case. Let 
us choose the basis where ai = 02. In this new basis, the Chaplygin con- 
ditions are (see for example [3j): ai = 02,013 / 0,-B = diag{bi^hi,h^),C = 
(iia(?(ci, ci, C3). The Hamiltonian becomes 2H = ai(M^ -|- Mf) + a^M^ + 
2ai3MiM3 + 26i(Mipi + M2P2) + 263M3P3 + ci{pl + pi) + 03^!. Thus 
2H = Hk + 2ai3MiM3 where Hk is the Hamiltonian for the Kirchhoff 
case. In the new coordinates the invariant relation is M3 = 0. 

Let us apply now the method of small parameter to the Chaplygin case 
when i? = 0. We will consider 013 as a small parameter e. The equations 
are: 

Ml = (03 - ai)M2Ms + (C3 - ci)p2P3 + eMiM2 
M2 = (ai - a3)M2M3 + (ci - 03)^1^3 + e(M| - Mf) 
M3 = -eM2M3 

pi = a3M3P2 - aiM2P3 + eMip2 
P2 = aiMip3 - asMspi + e{M3P3 - Mipi) 
P3 = ai{piM2 - P2M1) - eM3P2 

We assume M3 = 0. The unperturbed system coincides with the unper- 
turbed system of equations ([3]). Hence, it has a particular solution (jlj), ([5]). 
For the terms of order e, one gets the system which homogeneous part is ([7]). 
Applying again the method of variation of constants, one gets the solutions 



(11) 
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© where 



ki{t) 



k2{t) 
a 



-.ln{t) + ki, k^it) = k^. 



ai\/ai(c3 - cij 

From the Lax representation for the Clebsch case, given by Perelomov in |16j . 
a Lax representation for the Kirchhoff case when B = can be obtained. A 
Lax representation for the Chaplygin case, given below is a perturbation of 
that one, given by Perelomov. 

Theorem 2. When B = 0, on the invariant manifold given by the invariant 
relation, the equations of motion of the Chaplygin case are equivalent to the 
matrix equation: 

L{X) = [L{X),Q{X)] 

where L{X) = X^L2 + XLi — Lq, Q{X) = XQi + Qq, and 

L2 = diag{ci/ai,ci/ai,C3/ai), Qi = diag{ai,ai,az) 

-M3 M2 " 
-Ml 
Ml 

-asMs - aiaMi 


aiMi + aigMg 



M3 
-M2 



Qo 







asMs + aisMi 



o=PP 

-aiMi - aisMs 




The spectral curve det{L{X) — ^ • 1) = is: 
T: /i3 + ^2^3- aV(c3 + 2ci)+ 

Xlyi[2Fi - (2ci + C3)F3] + X\pLCi{ci + 2c^)- 



A?c?C3 - X\{2ciFi - ci(ci + C3)F3) + A?aiF| 



0. 



It is singular and has an involution a : (Ai,/i) 
Fi = r/cr is a nonsingular genus one curve. 



(— Ai,/z). The curve 



5. Higher-dimensional Kirchhoff equations-the Kirchhoff and 

Chaplygin cases on e(4) 

We will consider a generalization of the Kirchhoff equations on e(n). Let 
us consider the Hamiltonian equations with a Hamiltonian function: 

2H = Y^ AijkiMijMki + '^Y1 BijkMijPk + ^ CkiPkPi 

in the standard Lie-Poisson structure on so{n) given by: 

{M,j,Mki} = 5ikMji + 6jiMik - 5iiMjk - djkMu 

{Mij,pk} = dikPj - djkPi 
We will restrict ourselves to dimension four. A four-dimensional Kirchhoff 
case should have two linear first integrals: M12 and M34. It is interesting 
that under such assumption, the "mixed" term in the Hamiltonian is missing. 
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Proposition 1. If M12 and M34 are the first integrals, then Bijk = 0. 

Proof. Proof is based on the facts that M12 = {Mi2,H}, M34 = {M2,i,H} 
and follows by a direct calculations. □ 

Definition 1. The four- dimensional Kirchhoff case is defined by 

2Hk =^1212 + Ai3i3(Mf3 + + MI3 + MI4) + ^3434M|4 + 

^1234Mi2M34 + Cuipl +pI) + C^ApI+pI) 

Theorem 3. The four dimensional Kirchhoff case is completely integrable 
in Liouville sense. 

Proof. On e(4) the standard Lie - Poisson structure has two Casimir func- 
tions: 

Fi =pI+pI+pI+pI 

F2 =(Mi3P4 - Mi4P3 + MuPlf + (M23P1 + M12P3 - Mi3P2f + 
(M24P1 - Mi4P2 + MuP4)^ + (M23P4 + MuP2 - M2m? 

Thus, general symplectic leaves are 8-dimensional and for complete inte- 
gr ability one needs four first integrals in involution. Except Hamiltonian, 
we have two linear first integrals = M12, = M34 and one additional 
quadratic first integral: 

= ai(Mi2M34 + M14M23 - Mi3M24)^ 

- Ci((Mi3P4 - Mi4P3 + M^iPif + (M23P4 + M34P2 - M2AP3f) 

- C3((M23Pl + M12P3 - Mi3P2)^ + (M24P1 - Mi4P2 + Mx2Pif) 

□ 

In the case of four-dimensional Chaplygin case, one can naturally assume 
that M12 and M34 are invariant relations. From this assumption, we get: 

Definition 2. The four- dimensional Chaplygin case of the Kirchhoff equa- 
tions on e(4) is defined by the Hamiltonixin: 

2Hch =Ai2l2Ml2 + Ai3i3(Mf3 + Mf4 + Mfg + MI4) + A3434MI4 + 
^1234Mi2M34 + ^i213Mi2Mi3 + ^i214Mi2Mi4 + 
^1223Mi2M23 + yll224Mi2M24 + ^1334Mi3M34-h 
^1434Mi4M34 + ^2334M23M34 + ^2434M24M34-h 
Bi2lMi2P\ + B122M12P2 + -Bl23^^12P3 + B124M12P4 + 
-B341M34P1 -I- -B342M34P2 + -B343M34P3 -I- S344M34P4-I- 

Cu{pl+pl) + C33ipi+pl). 

One can easily check that in this case M12 and M34 are really the invariant 
relations. 
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